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Abstract. We note some close parallels between preheating/perturbative reheating,
(p)reheating, models in post-inflationary cosmology and the dynamical Casimir effect
(DCE) in quantum optics. For the plasma-mirror model we show how the effective
plasma mass (arising from conduction electrons) behaves like an oscillating inflaton
field, while created photons behave like a scalar field coupled quadratically to the
inflaton. Furthermore, the effect of spacetime expansion can also be incorporated
by varying the dielectric function. We propose an experiment that could mimic
(p)reheating for both narrow and broad parametric resonance, by employing technology
already being used in attempts to detect DCE photons via plasma-mirrors.
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1. A brief introduction to (p)reheating
The inflationary paradigm is the leading theory which solves the horizon and flatness
problems in big-bang cosmology and also predicts a natural mechanism for quantum
to classical freezing of the fluctuations leading to density perturbations, e.g., see
Mukhanov [2005].‡ However, the theory of preheating/perturbative reheating (denoted
(p)reheating from now on): how matter is created after inflation still remains incomplete,
although much progress has been made since the works of Dolgov and Kirilova [1990],
Traschen and Brandenberger [1990], Shtanov et al. [1995], Kofman et al. [1997], for a
recent review, see e.g., Allahverdi et al. [2010].
In cosmology we are fortunate to be able to work with the Friedman-Lemaˆıtre-
Robertson-Walker (FLRW) metric defined by
ds2 = −dt2 + a2(t)d~x2 , (1)
where a(t) is known as the scale factor, which (depending on the form) stretches or
shrinks a local patch of Minkowski space. Later we will see how we can associate the scale
factor with the dielectric constant in an optical system: a(t) ≡ ε(t). Hence there is the
possibility of observing interesting time-dependent phenomena in dielectrics (quantum
optics) that literally open windows to understanding (p)reheating in cosmology. Note
that in cosmology it is standard to work in units where ~ = c = 1.
The theory of perturbative reheating (and also preheating) after inflation derives
from following observations. Consider the following toy Lagrangian:
L(φ, χ) = 1
2
∂µφ∂
µφ+
1
2
∂µχ∂
µχ− V (φ)− 1
2
m2χχ
2 − 1
2
g2φ2χ2 , (2)
where for simplicity we ignore fermionic couplings implying only the creation of scalar
matter and we assume V (φ) = 1/2m2φ2, which is symmetric about the origin and
therefore only has quadratic couplings.§ After inflation ends, where the Hubble constant
is assumed much smaller than the inflaton mass: H  m the EOM becomes (for a
homogeneous field)
φ¨+ 3Hφ˙+ Γφ˙+m2φ = 0 , (3)
where the third term arises from the interaction term, 1
2
g2φ2χ2, in Eq. (2). This term
is derived perturbatively from the imaginary part of the effective action for one-particle
scattering processes, see Kofman et al. [1997] . Because of these terms, the amplitude of
the sinusoidal oscillations of the inflation φ decrease as e−
1
2
(3H+Γ)t. The above effective
equation only applies when the amplitude, Φ, is relatively small, and is called the
elementary theory of perturbative reheating.
‡ The full details of this mechanism are still being debated; however, their are analogies with quantum
optics via squeezing, e.g., see Polarski and Starobinsky [1996].
§ See e.g. Kofman et al. [1997] for a discussion of how symmetry breaking potentials lead to cubic
interaction terms, e.g. φχ2.
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Whether or not the universe thermalises depends on the estimated decay rate
(Kofman et al. [1997]):
Γ(φφ −→ χχ) = g
4Φ2
8pim
(4)
being larger than the Hubble radius (Γ > H). HoweverH ∝ t−1 (for a matter-dominated
phase with a ∝ t2/3) and the decay rate above is proportional Φ2 ∝ t−2 and therefore
the inflaton field never decays fully and perturbative reheating never completes, unless
we resort to symmetry breaking potentials, e.g., see Kofman et al. [1997]. The decay
rate above only depend on coupling parameters and mass terms; however, the idea
of preheating is that we already have a large condensate of previously produced χ
particles and hence the decay rate will depends on the previous particle number (see
Sec. 3). When the oscillations of the inflaton field are large we can generate an explosive
amount of χ scalar fields through many-particle processes that arise from parametric
enhancement. This idea is known as preheating.‖
Before we observe this fact (see Sec. 3) we now treat χ as a quantum field using the
Heisenberg representation, χˆ(~x, t), and expand it in terms of creation and annihilation
operators:
χˆ(~x, t) =
1
(2pi)3/2
∫
d3k
(
aˆ~k(t)e
i~k·~xχk(t) + h.c.
)
. (5)
The EOM for χk for each ~k is then
χ¨k + 3
a˙
a
χ˙k +
(
~k2
a2
+m2χ + g
2φ2
)
χk = 0 (6)
which for later purposes, by redefining as Xk(t) = a
3/2(t)χk(t), the EOM can be written
as
X¨k + ω
2
k(t)Xk = 0 (7)
where the effective frequency is
ω2k =
k2
a2(t)
+ g2Φ2 sin2(mt) +m2χ −
3
4
(
a˙
a
)2
− 3
2
a¨
a
− ξR (8)
and for later discussions we have also included a non-minimal coupling term (1
2
ξφ2R
added to Eq. (2)), where for an FLRW metric
R = 6[(a˙/a)2 + a¨/a] (9)
and mχ is the mass of the χ field. The last two terms are normally neglected in
preheating. However, for any cosmological background the latter terms (with a˙, a¨)
can also contribute to particle creation in general and in models where a shift symmetry
protects fermionic (p)reheating, then this may be the only way to thermalise the universe
into fermionic matter, e.g. see Ford [1987].
‖ The “p” can be thought of as for “pre”, as for before perturbative reheating, or for “parametric”
(explosive) particle creation; while it can also be though of as for that in “perturbative” reheating.
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We will discuss particle creation from Eq. (7), which is a Mathieu-like equation,
e.g., see McLachlan [1961], in Sec. 3. Before that, we will compare this equation with
an equation very similar in form that appears in the dynamical Casimir effect (DCE):
via varying in time the properties of dielectric media, Dodonov et al. [1993]. For recent
reviews of the DCE, see Dodonov [2010] and Dalvit et al. [2011].
2. The DCE in quantum optics
Maxwell’s equations including a plasma-mirror term can be derived from the following
Lagrangian (Kawakubo and Yamamoto [2011]):
L = 1
2
ε(t)
(
∂
∂t
Ψ
)2
− 1
2
1
µ(t)
(∇Ψ)2 − 1
2
m2p(t)Ψ
2 (10)
(ε0 = µ0 = 1), where we have denoted the TE field by Ψ. In the above we assume that
the electric permittivity and magnetic permeability are time dependent, but piecewise
constant in space: ∇µ = ∇ε = 0. The TM field Φ (not to be confused with the inflaton
amplitude) is obtained by swapping ε ↔ µ in the above Lagrangian, e.g., see Naylor
[2013] (in what follows we shall set µ = 1). The plasma mass term, m2p(t), represents a
varying (real) conductivity in the plasma-mirror model as can be seen heuristically by
considering the Drude model of a dielectric with a frequency dependent part:
ε(ω) = εi(t)
[
1−
(
ω2p
ω2
)]
, ω2p =
ne(t)e
2
εim∗
, (11)
where ωp is the plasma frequency and m∗ is the effective electron mass and the
conduction electron number density ne ∝ Wlaser/pulse.¶. In this case we find that
the dielectric response becomes
ω2ε(ω) = εi(t)ω
2 − εi(t)ω2p = εi(t)ω2 −
ne(t)e
2
m∗
, (12)
where εi(t) denotes the region i in a cavity with time varying part of the dielectric and
ne(t) the time varying part of the conduction electrons. The idea of a plasma-mirror
(window) was first put forward by Yablonovitch [1989] to model Hawking and Unruh-
like radiation using non-linear properties of a dielectric. However, within the last ten
years real experiments to detect DCE radiation have started and are underway, e.g., see
Braggio et al. [2005]. As we shall see later on this can mimic the coupling of the inflaton
to matter fields, where in Eq. (10) we assume
Ψ ≡ χ, and m2p(t) = ne(t)e2/m∗g2 ≡ φ2(t) = g2Φ2 sin2(mt) (13)
where we can also infer another analogy: a(t) ≡ εi(t), but as we shall see this requires a
more complicated experimental set up if we wish to consider (p)reheating at the same
time as cosmic expansion.
¶ In such experiments the idea is to fire repeatedly a GigaHertz or even higher frequency laser at a
semi-conducting material, e.g., see Braggio et al. [2005], Naylor et al. [2009]. The laser power, Wlaser,
per pulse and the number of pulses per wave train determine the number of conduction electrons.
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The separation of variables is not always possible, particularly for time-dependent
cases. However, a convenient way to separate Maxwell’s equations is to use Hertz
vectors; developed by Nisbet [1957] for non-dispersive inhomogeneous media (also see
Naylor [2013]). In the case of a plasma-mirror the rigorous separation of Maxwell’s
equations including a time-dependent conductivity will be left as future work. For now
we will just assume that the EOM derived from the Lagrangian in Eq. (2) leads to the
following Hertz-like equation for TE-modes:+
∂t(εi(t)∂tΠm)−∇2Πm +m2p(t)Πm = 0 . (14)
From symmetry considerations (e.g., for a rectangular or cylindrical cavity) if
Πm = Ψ zˆ then separation of variables (Pedrosa and Rosas [2009]):
Ψ(x, t) =
∑
l
ψl(x)ql(t) , (15)
with l = (n, p, l) leads to the following wave equation:
∇2ψl(x) + εi(t)ω2il(t)ψl(x) = 0 . (16)
We then find that the time dependent part satisfies
q¨l +
ε˙i
εi
q˙l + ω
2
ilql = 0 (17)
where
ω2il(t) =
c2
εi(t)
[(xnp
r
)2
+
(npi
L
)2]
+
ne(t)e
2
εi(t)m∗
(18)
and we have assumed a TE mode dispersion relation for photons in a cylindrical cavity
of radius r where a L in Fig. 1, e.g., see Uhlmann et al. [2004]. In the above we used
the following orthonormality condition:∫ L
0
d3xψl(x)ψn(x) = (ψl, ψn) = δln (19)
where the bounds with (0, L) are for photons in a cavity of axial length L.
To find a separable time-dependent solution, without assuming an instantaneous
basis approximation, we rescale the field as q˜l = ε
1/2ql to get an equation in Mathieu-like
form:
¨˜ql + ω˜
2
il(t)q˜l = 0 (20)
where
ω˜2il(t) =
[
ω2il +
1
4
ε˙2
ε2
− 1
2
ε¨
ε
]
≈ c
2n2pi2
ε2L2
+
ne(t)e
2
m∗
+
1
4
ε˙2
ε2
− 1
2
ε¨
ε
(21)
and to keep things simple, we have assumed a photon cavity fundamental mode
x01 = 2.4048  r (actually this behaves as an effective mass term if εi is constant).
Hence the 3D cavity modes become approximately one-dimensional l→ l.
If we now compare this equation with Eq. (8) for ξ = 1/6 and mχ = 0, we see
that the last two terms in Eq. (21) are equivalent to a massless conformally coupled
+ As discussed in Naylor [2012], the conductivity/polarization may only affect TM, not TE modes.
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field (as expected for Maxwell’s equations). The plasma mass, mp breaks the conformal
invariance, as would nonlinear perturbations of the dielectric function: εNL = ε + δε,
e.g. see Westerberg et al. [2014].
Interestingly, by comparing the first and second terms of Eq. (8) with those in Eq.
(21), then with units of c = 1 we see that we can make the analogy:
εi(t) ≡ a(t), Ψ ≡ χ and m
2
p
εi
= ne(t)e
2
εim∗
≡ g2Φ2 sin2(mt) . (22)
The above analogy is one of the main results of this article: the dielectric behaves
like a scale factor for cosmic expansion, while the plasma mass behaves as an oscillating
inflaton field (with coupling g2). We will come back to discuss simulation schemes in Sec.
4, where for suitable chosen materials and equipment we will argue that (p)reheating
can be simulated.∗
3. Particle Creation
In the case of time-dependent media, the number of particles created was found via the
Bogoliubov method Dodonov et al. [1993]; however an equivalent method using only
mode functions will be used here, e.g., see Kofman et al. [1997].
Much like in Sec. 1, except now the modes are discrete,] the quantum field operator
expansion in the Heisenberg representation for our TE Hertz-like potential, Ψ is
Ψˆ(x, t) =
∑
l
[
aˆlψl(x)ql(t) + aˆ
†
lψ
∗
l (x)q
∗
l (t)
]
, (23)
where aˆl, aˆ
†
l are annihilation and creation operators respectively and the mode functions
ψl(x), ql(t) were defined in Eqs. (16,19,18); again we assume l → l. Here we need to
impose standard initial conditions relevant to particle creation at t = 0:
ql(0) =
1√
2ω˜l
and q˙l(0) = −i
√
ω˜l
2
. (24)
The particle number density can be obtained directly from the energy of each mode
divided by energy ωl of each particle (Kofman et al. [1997]):
nl =
ωl
2
( | ˙˜ql|2
ω2l
+ |q˜l|2
)
− 1
2
(25)
where in the above expression we have subtracted off the zero point energy (units
~, c = 1). Equations (7, 20) are in Mathieu form and have a well known structure
of narrow or broad band resonances for certain parameters McLachlan [1961]. We
∗ Actually, in the plasma-mirror model described here, we need two different regions εI , εII with εII a
constant to have a better analogy of (p)reheating with cosmic expansion, see Sec. 4.
] Most proposed DCE experiments are placed in cavities (and hence the modes are discrete) for the
very same reason of parametric enhancement in preheating. In most models of inflation we transit from
a potential hill to a trough as we go from inflationary expansion to (p)reheating. The potential well is
usually responsible for the parametric enhancement; however, dissipation can also enhance (p)reheating,
see Brandenberger [2014].
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stress that this method has separated variables without using an instantaneous basis
approximation, cf. Kawakubo and Yamamoto [2011].
Before numerically solving for the number of created particles, we can estimate the
pair creation rate in a method slightly different to the theory of the Mathieu equation,
e.g., see Kofman et al. [1997]. If the background field (the laser) leads to shifts in
frequency near to parametric resonance:
ω2l (t) ∼ ω20l + ∆ω20l = ω20l(1 + κ cos(Ωlt)), (26)
where the driving frequency, Ωl, is chosen as Ωl = 2ω0l, then in the late time limit it is
possible to show Dodonov et al. [1993]:
nl ≈ sinh2 (ω0lκt/4) ' 1
4
e
1
2
ω0lκt . (27)
This implies that for given parameters we have a decay rate ∝ n˙l/ nl and so the number
of χ particles (or photons in our analogy) depends on the previous number of χ particles.
Comparing to the notation used in Kofman et al. [1997], we have
ω0lκ = qm , (28)
where the value of q determines the type of resonance: narrow (q  1) or broad (q  1).
Comparing this rate with that in Eq. (4), and writing Eq. (8) in the form of Eq.
(26) we see that for preheating:
n˙l/nl = g
2Φ2/(4m) (29)
and this is larger than perturbative reheating, c.f. Eq. (4), for Φ > g2m2/(8pi) (as
was originally discussed in Kofman et al. [1997]). In the perturbative limit it was
proportional to g4, while now it is g2 and hence has a larger rate in the weak coupling
regime.
4. Simulation Scheme
We are now in a position to observer how DCE experiments could be used to simulate
(p)reheating in inflation methods via the modulation of time-dependent properties in
quantum optics. One such proposal by Braggio et al. [2005] (also see Naylor et al. [2009])
is based on the plasma-mirror model (Yablonovitch [1989]) which is an experiment
designed to detect dynamical Casimir effect (DCE) radiation by the modulation of the
electron conduction density ne(t). In Fig. 1 the general idea is sketched, where a pulsed
laser of an appropriate frequency (period T ) can be used to vary ne(t). The exact
details of the shape of the pulse profile, ne(t) can be found in Naylor et al. [2009], but
in practice a sin2 (or Gaussian-like) laser profile, will lead to an asymmetric Gaussian
profile for the plasma-mirror.
In typical proposed plasma-mirror experiments we would place a thin sheet of
material to excite surface plasma electrons with ns(t) ≈ neds, where ds is the penetration
depth, somewhere inside the cavity (Naylor et al. [2009]). Here we just assume that
for very thin sheets we can use a delta-function approximation for the mass term:
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Figure 1. We assume that ne(t)e
2/(εIIm∗) ≡ g2Φ2 sin2(mt) for inflaton field
oscillations, where in region II we assume εII = const and ne(t) ≈ nmax sin2(t) in
units of 1/(2piT ) for pulse period T . For simplicity we show a square-wave for the laser
pulse tuned to a wavelength that excites valence electrons to the conduction band,
creating a plasma-mirror (typically a L or L− a L).
m2p = δ(z−a)m2s, cf. Eq. (2). As a further simplification, in Fig. 1 we have assumed only
two regions (I and II), but in the limit that a L then we have a very thin “plasma-
sheet” at one end of the cavity, which is the usual choice for current experiments to
detect DCE radiation with plasma sheets Agnesi et al. [2008]. Alternatively, and the
simple choice we will use in this article, is for L − a  L which is for a cavity almost
completely filled with dielectric εII .
Hence, given only very few modifications (in Agnesi et al. [2008] a rectangular
cavity is used) if a DCE signal can be found in the sense of measuring n(t) at given
time steps, then we might be able to simulate (p)reheating after inflation. The only
real difference (but not such a hindrance) would be to try and construct a long narrow
cylindrical/rectangular cavity to reduce the transverse mode terms: (xnp/r)
2, which
behave as an effective m2χ mass term for εII = const. and to have npi/L → k to have
continuous frequencies in Eq. (21 ) for the eigenfrequencies.
It is important to mention that the analogy with (p)reheating during cosmic
expansion is only really correct if m2p = nee
2/(εIIm∗) for εII = const. Then, in order
to have mode functions that vary with an analogue scale-factor we need to have a
different region, εI(t), to mimic the effect of cosmic expansion. This could be achieved
by including a extra laser, with different wavelength (not shown in Fig. 1) tuned to
excite Rabi oscillations, rather than excite valence electrons to the conduction band. If
the profile of the amplitude increases as some power, e.g., εI ∝ t2/3, or modulates on
longer time scales with some power of t, then we might even be able simulate preheating
while including expansion effects.
To complete our analogy we briefly look at the values used in Fig. 2, for narrow
and broad resonance regimes, cf. Fig. 2 and 3 of Kofman et al. [1997]. Assuming the
bulk pulse profile is of the form ne(t) = nmax sin
2(t) with period T in a pulse (see Fig.
1) in units of 1/(2piT ), then we have a simple analogy with (p)reheating: 1/T ≡ m
(the inflaton mass) and if npi/(εIIL) → k ∼ 1, then nmaxe2/(εIIm∗) ≡ qm = Vmax in
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Figure 2. Typical example of narrow & broad parametric resonance for log nk(t)
in (p)reheating/DCE, where time is in units of m/(2pi) ≡ 1/(2piT ), see Fig. 1. For
simplicity in this analogue experiment we have L− a L. Upper panel: narrow band
values are for m = 1.125, k = 1 and q = g2Φ2/(8m2) ∼ 0.1. Lower panel: broad band
values are for m = 10, k = 1 and q = g2Φ2/(8m2) ∼ 200.
units of m−1. We now assume that the range of Vmax can be controlled via the laser
power and number of pulses per wave train, Naylor et al. [2009]: Vmax ∼ 0 − 105 m−1,
for εII ∼ O(1). Therefore, for large laser powers (Vmax  1) we get broad resonance,
while for low laser powers (Vmax  1) we obtain narrow resonance.
5. Discussion & Outlook
In summary we have discussed some close similarities between the DCE in quantum
optics and preheating in inflationary cosmology; albeit with what might be some
rather ad-hoc assumptions: we have assumed the plasma-mirror model conductivity
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is for the TE modes in Maxwell’s equations and not proven that they separate for a
time-dependent conductivity. The shape of the laser pulse and the response of the
dielectric should also be considered. Our claim about simulating cosmic expansion
during (p)reheating was also based on the assumption of two different regions, and we
have not solved for the eigenfrequencies in this case. Actually, in Fig. 2, we have plotted
log n(t) under the assumption of an almost completely filled cavity, L − a  L. The
effect of simulated expansion would modify the eigenvalues in Eq. (21). We hope to
address these issues in forthcoming work.
An observant reader might ask if the model we have considered here (the plasma-
mirror model) really has some analogy to that in cosmological (p)reheating? For
example, the motion of a pendulum also undergoes parametric oscillations and hence
obeys a Mathieu-like equation (as does any vibrational system). However, both the
DCE and (p)reheating arise from non-adiabatic changes in the quantum vacuum state,
which is very different to the notion of the classical vibrations of a system, e.g., see
Nation et al. [2012].
Furthermore, doesn’t the DCE arise from photon-pair creation, while scalar
preheating arises from two particle processes φ2 → χ2 (in our toy Lagrangian, Eq. (2))?
When we consider a moving boundary or plasma-mirror we have assumed a classical
background for the electrons involved, whereas in practice these can also be modeled
microscopically using for example the Hopfield Lagrangian. This was first used in the
context of the DCE by Okushima and Shimizu [1995] (also see references in Westerberg
et al. [2014]).
There are some close parallels with Schutzhold et al. [2007] who considered the
simulation of particle creation from cosmic expansion in ion traps; however, here we
are looking at (p)reheating (with or without cosmic expansion) and using a physically
different simulation apparatus. There are also analogs of the DCE in Bose-Einstein
condensates in ion-traps, e.g., see Dodonov and Mendona [2014] and references therein,
which are also possible candidates for simulating (p)reheating. Interestingly, an
alternative analogue DCE effect has already detected evidence for the DCE, via vacuum
squeezing, in metamaterial quantum-circuits using waveguides La¨hteenma¨ki et al. [2013].
This leads to the tantalizing fact that we may already be able observe the signature of
analogue (p)reheating in these set ups.
Finally, to mention just a few of many other interesting avenues of research: we
might be to try and simulate the quantum to classical transition during inflation (if at
all possible), to verify if preheating leads to reheating as time evolves and to look at
(p)reheating when the speed of sound is less than c, such as in k-inflation models, e.g.
,see Mukhanov [2005]. Hopefully we have argued how knowledge from time-dependent
effects in quantum optics, such as in the DCE, can be applied to (p)reheating and vice
versa.
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